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Abstract

We propose a method of using validated interval constraint contraction operators to build routines for
numerical computation libraries. We illustrate the method by using it to construct a procedure that
efficiently computes a small interval containing f~*(h) where f(z) = xsin(z). This can be transformed
into a numerical routine by returning the midpoint of the interval and signalling an exception if the relative
width of the interval exceeds a specified bound. We compare the interval method with a strictly numerical
approach. The chief advantage of our method is that it results in a procedure which returns an interval
that is guaranteed to contain the correct solution (assuming of course that the hardware and the compiler
meet the necessary specifications). By automating those parts of the computation which could effect the
correctness of the procedure, we reduce the number of places where the programmer can err. The user is
free to design complex algorithms for solving the problem at hand, with the restriction that the algorithm
consists of applying a sequence of validated constraint contractors which are constructed automatically from
the constraint set specifying the problem. Modulo assumptions about the correctness of the contractors,
the only error that the user can make i1s to produce a procedure which returns intervals that are too large
too be useful. This is in contrast to traditional methods which always return answers with 52 bits of
precision but with little or no indication of how many of those bits are correct.



1 Introduction

Inaccurate scientific computation is useless at best and dangerous at worst. We address several major
sources of inaccuracy. Roundoff error is well known and there is a great deal of work on minimizing
it [Wil63, Act96, Tay97]. By using interval constraints, we don’t eliminate roundoff error, but we make
it explicit, so each answer comes with a clear indication of its accuracy. Another source of error arises
from misapplying an algorithm (e.g. starting the Newton method with a poor initial choice, or using the
Newton method in a case where it does not perform well). Programming errors are a further major source
of incorrect results. Hatton et al. [HR94] measured a cumulative, numeric error of 1% per 4000 lines in very
carefully written, high quality code for certain scientific computations. How much worse it 1s in normal
cases is unclear.

We propose a method for reducing the chance of programming errors in scientific programming by
casting the problem as the design of an appropriate constraint solving algorithm and then separating the
algorithm design process into two steps.

e First, the automatic construction of a set of constraint contractors which can be applied to the initial
intervals in any order without affecting the correctness of the algorithm, and

e Second, the specification of the algorithm which determines which contractors are applied in which
order. The specification of which operators are applied in what order determines the speed of con-
vergence of the algorithm, but has no effect on correctness, which depends only on the correctness of
the constraint contractors.

In this paper, we begin with a discussion of the avoidable and unavoidable sources of errors in scientific
computing and then discuss several methods that have been used to minimize these errors. We then
provide a comparison of the classical method with our proposed method for creating a procedure to invert
f(x) = xsin(z) on a subset of its domain. We conclude with a discussion of future research directions
suggested by this approach.

1.1 Errors and blunders in scientific computing

In the seminal paper [vNG47] “Numerical Inverting of Matrices of High Order,” von Neumann and Gold-
stine describe four sources of errors in scientific computing (shown below). These errors are inherent in
physical science computations, but we provide tools to lessen the damage caused by all but the first.

1. Theory Errors — errors in the underlying scientific theory.

2. Measurement Errors — errors in the observational data. Because we do all our calculations on
intervals, it is easy to enter a measured value as an interval (or as a value with an error estimate.) We
then carry the calculations through allowing the measurement to take on any value in the interval.
This means that if a calculation is heavily dependent on the precision of an imprecise measurement,
the answer given will show the possible large range of answers.

3. Truncation Errors — errors due to approximation of solutions by algebraic expressions. The use of
intervals allows us to use classical series approximations, while still maintaining complete accuracy.
We express the error term at the end of the series as an interval, and carry that through our cal-
culations. If we were to truncate a series too soon, it would lead to an overly wide interval in the
answer.

4. Roundoff Errors — errors due to the fized precision of computer arithmetic. TEEE-7T54[IEES5]
provides control over rounding. By using the ability to specify whether a value will be rounded up
or rounded down, we insure that our calculated intervals are a superset of the actual intervals.

The last two classes of errors are due to the continuous nature of the problems we are trying to solve and
the essentially finite nature of digital computation.



There are obviously some important sources of error that are not on this list, these are the “avoidable”
errors or blunders, that arise from the mistakes made by individuals involved in setting up the computation.
Some of the most common of these mistakes are:

1. Analysis Blunders — this occurs when the analyst makes a mistake in estimating the errors intro-
duced by his computational solution.

2. Algorithmic Blunders — these are the errors that arise when the idealized algorithm proposed by
the analyst does not correctly solve the mathematical problem.

3. Programming Blunders — these are the errors that arise when the algorithm is incorrectly imple-
mented in a particular programming language.

4. Software-use Blunders — this covers the case of users who apply the software in ways for which
it was not intended, e.g., applying it with variables that are outside of the range for which it was
designed.

5. Hardware Blunders —these are the errors that arise when the hardware does not implement the
arithmetic operations according to the published specifications (currently IEEE-754[TEE85] is most
widely used). For the remainder of this paper, we will assume that the underlying hardware correctly
implements IEEE-754, but this is clearly an area where formal verification is sorely needed.

In the everyday world of scientific computing, most of the practitioners are working scientists and not
numerical analysts. This significantly raises the likelihood of the computed results being subject to one or
more of these computational blunders.

Knuth [Knu92] provides a complete list of bugs he fixed in a ten year period while working on TpX. He
divided his errors into fifteen categories. We are most interested in his categories A (Algorithm Awry), B
(Blunder), and S (Surprising Scenario). We also hope to lessen his categories L (Language Liability), M
(Mismatch between Modules), and R (Robustness). Despite counting requested improvements as errors,
the blunders were still more than 5% of the total number of errors in TEX.

2 Interval Arithmetic

Interval Arithmetic [AK93, AH83, Han92, Moo66, Neu90] is one well-studied approach to handling some
of these blunders. The idea behind this method is to free the analyst from the difficulties of estimating
the effects of roundoff, measurement, and truncation errors by automatically computing an estimate of the
error for each variable in the model. This is done by representing each variable in the mathematical model
by a floating point interval (or a set of intervals) and defining all arithmetic operations and mathematical
functions on these intervals in such a way that the actual result of any primitive operation or function is
guaranteed to be contained in the computed result.

Just because the error is automatically computed does not mean that the vast literature of classical
numerical analysis is not useful. Interval arithmetic algorithms are still subject to many of the same kinds
of algorithmic errors that arise with floating point computation, but rather than result in incorrect values,
these blunders typically result in wide intervals. For example, evaluating 1 — cos?(z) in floating point
arithmetic for # small, will result in a loss of about 2b bits of precision if  is approximately 27, If the
same expression is evaluated using interval arithmetic, one gets an interval containing about 2%* floating
point numbers. Thus, interval arithmetic introduces a new kind of problem as well as making an old one
slightly worse:

e Precision Problem — this covers the case where the program is not able to sufficiently narrow the
result intervals.

e Performance Problem — this covers the case where the calculation requires an unreasonably large
amount of time.



When either of these problems is detected, the insights of classical numerical analysis can then be used to
suggest ways of restructuring the computation to increase the interval convergence rate of the algorithm.

Interval Arithmetic techniques can be used by expert numerical analysts to produce software which
adheres rigorously to the mathematical model and computes result intervals which are guaranteed to
contain the theoretical result values (barring any blunders by the analyst). Interval arithmetic thus has
brought numerical analysis fully into the realm of pure mathematics for the first time, since one no longer
needs to rely on heuristic arguments about the statistical unimportance of the roundoff and truncation
erTors.

The price for this mathematical rigor is that interval arithmetic routines often take longer to provide an
answer and always overestimate the error. Empirically it is noted that these overestimates are sometimes so
large as to render the classical algorithms useless (particularly iterative algorithms with many iterations).
There has been considerable effort in the last thirty years at developing interval arithmetic algorithms which
are not only mathematically correct, but are efficient and precise as well [AK93, Boh93]. As promising as
this recent work in interval analysis has been, it does not address most of the common blunders in scientific
computing and still requires the working scientist to use tools for solving very specific types of numerical
problems or to write a solver in some standard language but using interval variables rather than doubles
or floats at certain places. This latter option does little to remove many of the opportunities for blunders,
and 1n some sense may aggravate this situation since 1t requires scientists to be aware of the difference
between interval variables and numerical variables and when to use which.

2.1 Interval Arithmetic Constraints

The key idea behind interval arithmetic constraints [BO97, Cle87, Hic94, HVEW98, Hyv89, Ju98, OV9I3,
vE97a, vE97b] is to view numeric computing problems as constraint systems that relate a set of real (or
complex) variables or functions. The variables whose values are to be computed are initially unbounded
in this model (i.e., they have the value [—o0, o0]). The goal of the computation is to shrink the intervals
of the variables in such a way that no solution to the original system is removed. The shrinking is done by
iteratively applying various contraction operators which are automatically generated from the constraint
set.

There are several interval arithmetic constraint solvers which are currently available. In all of these the
user specifies only the constraints to be solved and the system determines which contractors to apply and
in which order.

For example, in TAsolver [HQVEQ9], the constraints are compiled into a set of primitive constraints
(much the same as 3-address code is generated from expressions by a compiler), and contractors for these
primitive constraints are repeatedly called until a fixed point is reached or some resource bound is exceeded.
Note that since IEEE floating point has a successor function, there are only a finite number of contractions
which can take place before a fixed point is reached.

The Numerica system [HMD97] uses interval arithmetic techniques to solve non-linear optimization
problems with a relatively small number of constraints and variables. This system uses three types of
contractors, one of which is the multi-variable interval Newton contraction, and also relies on domain-
splitting to search for solutions.

These two systems share the property that the choice of contractors and the strategy in which they are
selected 1s hidden from the user. Thus, if the user correctly enters the mathematical formulas describing the
problem to be solved, then the system will produce intervals which are guaranteed to contain the correct
solution.

There are also several Constraint Logic Programming languages which provide general non-linear inter-
val arithmetic constraint solving. For example, in CLP(RI) [Sys96], a constraint is specified by a standard
mathematical expression enclosed in curly braces. In CLP(F),[Hic94], the constraint language is extended
to allow for differentiable functions and ODE constraints.

This scheme eliminates all possible blunders except for misuse of the software. It does still allow
precision problems (i.e. the resulting intervals being unnecessarily large) and performance problems. The
price of such protection is that the user plays no role in formulating the algorithm to solve the problem,



and if the system is not able to sufficiently narrow the intervals quickly enough the user has few if any
alternatives.

2.2 Validated Constraint Compilation

In this paper we propose a model of scientific computing which splits the problem solving process into two
pleces:

1. Development of validated contraction operators which have been proved to shrink the variables in a
set of constraints without removing any solutions to the constraints and which operate as efficiently
as possible.

2. Development of constraint solving strategies for selecting the contraction operators to apply and the
order in which to apply them to accelerate the convergence of the system to a solution

The contraction operators are typically specified declaratively in terms of the original mathematical con-
straint.

To demonstrate the feasibility of this approach, we consider the following problem which is often
encountered by numerical analysts (although they generally describe the problem using different language):

Definition 1 Assume we are given a set C of constiraints on a sel V of variables. Further assume that
there exists disjoint sets of variables {X;} and {Y;} in' V such that for any values a; within given domains
D;, the set of constraints

CUU(XZ'ICEZ')

has a unique solution (Y1,...,Ym) = (b1,...,bm). The Validated Constraint Compilation Problem
is to generate an efficient procedure which can compute approzimations b} of the b; given the a;, and which
produces an explicit guarantee of precision ¢;, for the relative error [b;/b; — 1| and absolute error |b} — b;].

Rather than return both an approximate answer and an error bound, one could also just return the
approximation and signal a runtime exception if the error exceeds some predetermined value.

The general method we propose to solve this problem is to first build a toolkit which can automatically
construct validated contractors from symbolic constraints. The second step 1s to build tools for combining
these contractors and for analyzing their performance.

In the remainder of this paper, we describe our experience applying this method to a simple but
illustrative example from Acton [Act96] in which he describes the standard numerical analysis approach
to this problem. We then contrast his approach with the constraint contraction approach.

3 The Hyperbola-Sine Intersection Example

Consider the following simple numerical problem ([Act96], pp. 77-80, pp. 223-224): Given a positive value
of h, find all # and y such that
zxy=h, y=sin(z) (1)

This simple constraint system describes the intersection of a (possibly degenerate) hyperbola and the sine
curve. Clearly y can be computed from z, so we can simplify the problem to that of solving h = f(z),
where

flz) = xsin(x)

for & given h. As can be seen from Figure 1, for any A there are infinitely many solutions. Indeed, the
function f has a local minimum at 0 and a local maximum at a point a; around 2 and hence has a
uniquely defined inverse on the interval [0, a1]. If we precompute aj, we find that it has the value a; =

2.028757838110434223 and by = a; sin(a;) &~ 1.819705741159653046 Thus, for h € [0, b1], this constraint
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Figure 1: The Graph of f(x) = zsin(x)
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Figure 2: The Inverse Function to be computed.

system has a unique solution with # € [0, a1]. Similarly, if we let (a;,b;) be the sequence of local maxima
and minima starting with ag = by = 0, and (ay, b1), as above, then f can be inverted on each of the
intervals [a;, a;1+1]. We consider only the interval [ag, a1], but the methods we describe apply equally well
to all of the other cases. The inverse function we will compute is shown in Figure 2.

We first define the relative error of a calculated approximation #’ to a correct value  to be |2//x — 1].
Note that this is not defined where x = 0, and may be misleading for x close to 0. In this paper we can
safely ignore this problem.

To simplify the discussion, we consider now only the problem of writing a program to compute this
inverse function quickly and precisely. In other words, we are solving the validated constraint contraction
problem for the following constraint:

h=wsin(z), 0<z < ay,

where h is the input variable and x is the output variable.

This example is typical of many of the kinds of problems that arise in scientific computing, but as
we will see below, employing standard techniques to write a procedure which is fast and efficient is fairly
subtle. The additional requirement that it should always return an answer and a guaranteed relative error
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Figure 3: Illustration of error from poor choice of starting point in the Newton method.

bound is generally not even attempted because of the difficulty it presents for classical methods.

3.1 The Newton Method

The method of first choice in numerical analysis is the Newton method. The general method uses the
following iteration
h — f(x:)
R S I A Gl 24
t+1 7 + f/(l’z)
to find a solution to the constraint f(z) = h. When it is started with a good initial point, it often converges
rapidly to a solution (usually with a doubling of the precision achieved in each step!). When it doesn’t
work, it can fail dramatically. It may converge to the “wrong” solution, it may fail to converge, or it may
simply converge too slowly to be practical.
For the problem at hand the iteration is:

h — a; * sin(z;)

(2)

ikl =Tt sin(z;) + @; * cos(z;)
If we solve the constraint x * sin(z) = h using the initial guess of g = h, then this generally converges
rapidly to a solution. An injudicious choice of starting point for the Newton method can yield disastrous
results in this case. For example, if we were to start the Newton iteration at xo = 2, then for all values
of & except those very near 2, the first Newton iteration would jump out of current domain and converge
(rapidly) toward some other solution of the constraint than the one we intended. Figure 3 shows the
function computed by this badly initialized Newton method (the solid line) compared to the actual desired
function (the dashed line).

Figures 4, 5, and 6 show the precision estimates for three different methods over three ranges. The
methods are the Newton method using Eqn. 2 (solid), the pseudoconstant method using Eqn. 3 (dotted),
and the quadratic method using Eqn. 4 (dashed), each iterated six times. The last two methods will be
described in the next section. We observe in these figures that after only six iterations, Newton’s method
has achieved near optimal precision (around 52 bits) for all x between about 0.1 and 1.8. However, we also
observe that near the two endpoints (bg = 0.0 and b; =~ 1.8197), the Newton method performs quite poorly.
These “bits of precision” graphs were created by using multi-precision arithmetic to obtain a hopefully more
accurate result at 20 particular points in the range and then using the difference between the multi-precision
result and the computed double precision result to estimate precision. Using multi-precision arithmetic
helps add to the confidence in our results, but it doesn’t constitute a proof of correctness.



Figure 4: Bits of Precision of the three numerical iterations
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Figure 6: Bits of Precision near by



The slow convergence near by = 0 and near b, = 1.8197... is due to the fact that the function f(z)
is approximately quadratic near those points, and so the slope is very close to zero and this impedes the
convergence of Newton. Equivalently, as can be seen in Figure 2, the inverse function we are trying to
compute has slope which approaches infinity at the two endpoints, and these near infinite slopes slow
Newton to a crawl.

3.2 The Pseudoconstant Quadratic iterations.

Acton suggests two different approaches near these dangerous points. Near zero, he uses what he calls the
pseudoconstant gambit, in which the original constraint z * sin(z) = h is rewritten as z? * (sin(z)/z) = h,
and with the observation that sin(z)/x is nearly constant near zero, he introduces the following iteration:

zip1 = B/ (sinas) /) (3)

This converges rapidly for h near zero, but 1s slow for other hA.

Acton shows how to improve the convergence near the right endpoint b; & 1.8197 by introducing new
variables é and v with « = a; + 6 and & = by — v which translate the problem to the origin and put it in
the form 3 = 6 * g(ay, 8) where g(ay,§), like sin(6)/§ is nearly constant for § near zero.

by —y=h=asinz = (a1 +é)sin(a, + 6)
We now use the fact that the point (b1,a;1) is a local maximum for f which implies that

apsin(a;) = b

sin(ay) + aj cos(a;) = 0

These relations, and the definitions {h = by — v, @ = a1 + é}, can be used to transform the equation
h = zsin(x) into a rapidly converging iteration as follows:

h = wxsin(x)
by —y = (a1 + 8)sin(a; +6)
¥y = by —((ay + 8)sin(a; + ¢))
v = arsin(ar) — ((a1 + é)(cos(8) sin(ay) + sin(é) cos(a1)))
vy = arsin(ar) — ((a1 + é)(cos(8)sin(ay) — sin(é) sin(a1)/a1))
vy = apsin(ar) — ((a1 + &) sin(ay)(cos(8) — sin(é)/a1))
y/sin(a1) = a ¢ (

— (ay cos(8) —sin(8) + 8 cos(é) — ésin(8)/ay))
= a1(1l—cos(é)) + (sin(8) — §cos(8)) + ésin(8)/a1)

If we expand the occurrences of sin(§) and cos(8) using power series in the last equation, and simplify, we
find that it has the form: y/sin(a;) = §?g(ay, §), where

sar,6) = glart2fan) + S+ G (ar + ) + )+

is a function which is nearly constant for é near zero. Thus, proceeding as in the pseudoconstant gambit

we find

v/ sin(ay) = 62g(a1,6)
82 = (y/sin(a1))/g(a1,6)
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Figure 7: Bits of Precision of the combined method

5 = —/(v/sin(a1))/g(as, )
r—a; = —\/(b1—h)/sin(al))/g(al,x—al)

Hence, we get the following iteration in x:

ot — o ¢w )

g(al,l‘i—m)

Although this required more symbolic manipulation than the case when x is near zero, the underlying idea
for speeding up convergence is the same — express it as 6% * ¢(8) = d where ¢(8) is near constant when &
is near zero, and then iterate on § using & = ++/d/c(8), where the sign depends on which root you are
seeking.

3.3 Combining the iterations in a numerical procedure

The end result of this standard numerical approach is to write a procedure which uses some number of
iterations of the pseudoconstant iteration (Eqn. 3) for h near zero, some number of iterations of (Eqn.
4) for h near the upper bound b1, and some number of iterations of the Newton method (Eqn. 2) for
the remaining cases. For example, Figure 7 shows a plot of the estimated number of bits of precision for
the function, which uses the Newton method for all & in the range [0.05,1.8] and uses the better of the
two quadratic methods near the end points. The thick line shows the estimated precision, while the solid,
dashed, and dotted lines are the Newton method, the Pseudoconstant method, and the Quadratic method
respectively.

This method of constructing and analyzing numerical routines is highly heuristic and does not provide
any guarantee that the stated precision bounds will be achieved. Either an interval arithmetic approach
or a detailed line-by-line numerical analysis will be required if one wants a “provably correct” estimate of
the error.

4 The Constraint Contractor Method

In this section we present the constraint contraction method. The basic idea is to define a general family of
validated contractors and to experiment with various combinations of these contractors. When a reasonably



good sequence of contractions is found, one can then generate a procedure to implement these contractors
and to signal an exception if the width of the computed intervals exceeds the required error bounds. This
approach has three key benefits:

e First, the contractors can be generated automatically from the constraints using various parameters
specified by the user (thereby eliminating a potential source of programming errors).

e Second, if the particular sequence of contractors does not sufficiently narrow the result intervals, then
this can be detected at runtime and an exception can be thrown.

e Third, the contractors can be applied in any order without affecting the correctness of the algorithm.
The only possible danger is that for some inputs, the particular sequence of contractors does not
narrow the result interval sufficiently, which as noted above can be detected and handled at runtime.

We first present a method that can be used with general constraint solvers such as TAsolver, CLP(RI), or
CLP(F). Then we describe a more direct approach which promises to be more efficient.

4.1 The Taylor Constraint

The starting place for all of our validated contractors is the Taylor formula with remainder.

Theorem 1 (The Taylor Formula with Remainder) Assume that [ is n-limes conlinuously differ-
entiable on an interval D, then for any a in D there is a £, » between a and x such that

fa) = (i er(a)( — >) T (Enn)(a — a)" (5)

i=0

. (1) . . . . .
where for any t in D, ¢;(t) = ! Z.!(t) 1s the normalized ith derwwative of f at t.

An immediate consequence of the Taylor formula is that every solution (x, y) to the constraint y = f(=)
can be extended to a solution (z, y,t) of the Taylor constraint below. This is really a family of constraints,
parameterized by a variable a at which the Taylor formula is centered. The Taylor constraint can be used
to get the quadratic Taylor convergence in a general purpose constraint solver, by repeatedly adding a
Taylor constraint with @ chosen as the current midpoint of the variable X, contracting to a fixed point (or
a fixed number of primitive contractions), and then adding another (redundant) Taylor constraint with a
set to the new midpoint of X. The Taylor constraint also introduces an extra variable T, which is used to
represent a value z = £, , which lies between a and #. Any such value can be represented as z = a+t(x—a)
for some ¢ € [0, 1].

Corollary 1 (The Taylor Constraint) Assume thal f is n-times continuously differentiable on an in-
terval D, and let (x,y) be a solution to the constraint y = f(x). Then, for any a in D there is a t € [0, 1]
such that (X,Y,T) = (z,y,t) is a solution to the following constraint:

Yy = (Tici(a)()(—a)i)—|—cn(a—|—T*(X—a)), 0<T<1 (6)

We call this constraint the degree n Taylor constraint for f centered at a. Observe that this constraint holds
for any a in the domain D of f.

For example, if f(z) = xsin(z), then f is infinitely differentiable on the reals, and we can easily compute
the derivatives of f to obtain the following Taylor formula with remainder:

f@) = (i er(a)( — >) T (Enn)(a — a)" @)

i=0
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where

—jeos(t)+tsin(t) if j=0 (mod4)
jsin(t) + ¢ cos(t if j=1 (mod4

¢j(t) = ;'cos((t)) — tsingt; if ; =2 Emod 4; (8)
—jsin(t) —tcos(t) if j=3 (mod4)

Thus, the degree 1 Taylor constraint for zsin(x) centered at the point @ would be
Y =asin(a) + (sin(Z) + Zcos(Z))N(X —a), Z=a+T*(X —a), 0<T <1
and the degree 2 Taylor constraint for #sin(z) centered at the point a would be

Y =asin(a) + (sin(a) + acos(a))(X —a) + M@Zﬁ(}( —a)?,
Z=a+T+(X—a), 0<T <1

Observe that these constraints are not valid if 7 is replaced by X. Indeed, this would be tantamount to
stating that &, , must lie in X, when in fact all that we know is that it lies between a and some z € X.
From an operational point of view, we could well choose an initial ¢ € X, in which case we would have
Z = X, but after enough contractions one will usually have ¢ ¢ X in which case Z contains but is not
equal to X. In fact, Z is the smallest interval containing both a and X.

4.2 The Newton Contractors

In this section, we describe a family of contractors derived from the Taylor constraint. In the context of
our problem, which is to generate a procedure for solving one particular constraint problem, we do not
actually need to employ the general constraint solving machinery. We show later how these contractors
can be used to easily solve the problem of inverting « sin(z).

To simplify notation we introduce the following definition so that we can avoid the cumbersome interval
expression a + [0, 1]+ (X — a) which represents the value &, , in the Taylor formula.

Definition 2 For any number a and interval X, let ag(X) = a4+ [0,1]* (X — a) be the smallest interval
that contains a and X. Equivalently, it 1s the set of all elements between a and every v € X. FEquivalently,
it 1s the set of all solutions to the constraint:

Z=A4T+(X—-A),0<T<1

Definition 3 (The order k, degree n Newton contractor.) Let f be a function which is n times con-
tinuously differentiable on an interval D and let a € D and X C D. Then the order k, degree n Newton
contractor for f(x) = y centered at a is denoted Ny n o and defined to be the function that maps the
interval pair (X,Y) to (X',Y), where

X' = ij Y —pi(a, X)

=
pr(a, X) = Zf i!( )(X— )
= fDa . (n)
@, X, 2) = (Z fi—[()(X - a)l"“) + fn—fz)(x —a)"

There are some subtle points in the previous definition. First, the basic interval arithmetic operations
must be implemented correctly (e.g. as in [HVEW98]). Moreover, the nth-root operator on intervals, must

11



return a union of disjoint intervals if n is even and its argument is a positive interval. More precisely, we

define
[/, V) n odd
Y([a, b)) = FO— Vb, —/al] U[Val, 3/b] n even, b>=0

n even, b <0

where al = max(0, a).

Theorem 2 (Correctness of Newton contractors) Suppose [ is n-times continuously differentiable
m @ domawn D and let v1,v2,...,7 be Newton contractors of the form

Yi = Npkinga

for some a; € D and integers n; € [0,n], k; € [0,n; — 1]. Then, for any such choice of a;, n;, and k;, the
winterval function

(X Y) =% a(n(X,Y))
is a valid contractor for the constraint y = f(x) in the sense that if (x,y) € X XY is a solution of y = f(x),
then (z,y) € y(X,Y)

Proof: The correctness of v depends on the correctness of the v;. So we need only prove correctness
of each ;. Let (x,y) be a solution to y = f(x), then there is a &, , between ¢ and « such that

Yy = (Z_: ci(a)(x — a)i) + Cn(fa,x)(x —a)"

i=0

. (O] . . . . .
where for any ¢ in D, ¢;(¢) = ! Z.!(t) is the normalized ¢th derivative of f at ¢. Thus,

y = (Z_:ci(a)(x—a)i)

o —a)f (i (@) — ) + en(Eae)(z — >)

i=k

= pk(aa$)+($_a)qu(aa$a€a,x)

Rearranging this equation, we find:

(v —pi(a,2)) = (¢ —a)qe(a, e fap)
(l‘—a)k _ (y — pr(a, x))
Qk(aa$a€a,x)

The theorem then follows from our definition of /7~ and the assumed correctness of the interval arithmetic
operators. QED

Observe that in the case k = n =1 and a € X, we have o,(X) = X and so the degree 1 order 1 Taylor
contraction gives the standard Newton-Hansen-Sengupta operator [HS81], and its correctness is a corollary
of correctness of the general Newton contractor.

Corollary 2 (Correctness of the Newton-Hansen-Sengupta Operator) If [ is continuously differ-
entiable in an interval D and X C D, then for any a € X, the operator

SpalX, H)= X1 (a+ Hf—(i)fy)

has the property that S; o(X,Y) = (X',Y") where X' X Y’ contains all solutions to y = f(x) in X x Y.
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Our experiments have indicated that the most useful Newton contractors are those of order 1 and 2,
which we call the degree n Newton contraction and degree n Quadratic contraction, respectively, and define
as follows:

Definition 4 (The Linear Newton Contraction) If f is n-times conlinuously differentiable in an in-
terval D and that X C D, then for any a € D, the degree n Newton contraction is

Ni1noX,H) = Xﬂa+<};(;’7j;§a)))
AL i ")y 1
q(a’X) - (Z f Z'( )(X - Cl)l_l) + W(X _ a)n—

Definition 5 (The Quadratic Newton Contraction) If f is n-times continuously differentiable in an
winterval D and that X C D, then for any a € D, the degree n Quadratic contraction is

O

n=1l ,(3) a . (n) Qg ,
Q(aaX) = (Z f—()(X — a)l_z) + M(X _ a)n—

4 7! n!
=2

Observe that these two contractors are defined for any @ € D. Typically we choose a to be an endpoint
or midpoint of the interval X. The linear Newton contractor is best applied when f'(a) is far from
zero, whereas the quadratic Newton contractor is best applied when f'(a) is nearly zero, but f”(a) is far
from zero, i.e. near simple local maxima and minima. The interval functions f/(Y) and f”(Y) must be
approximated soundly. This can be done either by evaluating a symbolic expression for f/(x) or f"(x)
using interval arithmetic, or it can be done using the Taylor series with remainder, where the remainder
term is evaluated using a symbolic representation of the nth derivative.

4.3 Estimating the precision of composed contractions

In our example of solving h = & sin(z) for = given h, we use three order k degree 19 Newton contractors.

Yo = Npoie0(X, H)
71 = Neiompon) (X, H)
Y2 = Npoiga (X, H)

where mp(X') denotes the midpoint of X and a; is the upper bound of the interval on which we are inverting
f(z) = xsin(x). These are instances of the degree 19 Linear Newton and Quadratic Newton contractions.

In Figure 8 we show the upper and lower bounds after one iteration of each of the three contractors.
The upper plot is g, the middle 71, and the lower v2. The horizontal axis is & and the vertical axis shows
the upper and lower bounds of the new interval obtained by applying the contractor to the initial interval
[0, a1]. Thus, we see that v¢ contracts well near zero and poorly near by, while 45 exhibits the opposite
behavior. Each plot also shows the upper and lower bounds after the contraction

YoOY20% V1071071

which appears as a line since the error 1s quite small.
The graph in Figure 9 shows the number of bits of precision for the six prefixes of the contractor

YoOY20% V1071071
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For the full contractor, the number of bits of precision achieved is better than 50 over the range [0:1.7], but
it drops to about 45 at 1.8 and then to a low of 29 near the right endpoint a;. Notice that the correctness
of these error bounds depends only on the correctness of the underlying interval arithmetic operators and
the correctness of the constraint contractors. In particular, we don’t need to use high precision arithmetic,
nor do we need to reason about the correctness of the algorithm, since the algorithm in this case is just a
matter of composing constraint contractors.

5 Future Directions

In this paper we have discussed one interesting example in detail and demonstrated that the interval
constraint contraction approach provides a simpler and more rigorous method of generating numerical
routines. Before such an approach can be widely accepted, it will need to be extended in a number of ways.
In particular, one would need to be able to handle constraints sets involving a large number of variables
and one would need a correspondingly wider repertoire of validated constraint contractors. The Newton
contractors described here extend easily to the multivariable case by selecting one variable in a constraint
and treating all other variables as constants. We are in the process of building a system which incorporates
not only these Taylor contractors but also the Numerica contractors (including higher dimensional Newton)
and domain splitting primitives.

A further important area of research concerns the partial evaluation and optimized compilation of in-
terval arithmetic procedures. In our experience, current compilers routinely ignore rounding mode changes
when optimizing code and thereby generate code in which the rounding modes are applied at the wrong
times. This points out the necessity of developing special case compilers for the types of interval arithmetic
procedures that a system such as ours would generate. There are also numerous low level optimizations
(such as partial evaluation of the low level interval arithmetic routines for addition, multiplication, etc.)
that can greatly improve the performance of interval arithmetic code. Our long term goal is the development
of interval constraint-based tools for generating efficient and precise numerical routines with automatically
generated rigorous error bounds.
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